Abstract. Let ∆ k (n) denote the number of k-broken diamond partitions of n. Quite recently, the second author proved an infinite family of congruences modulo 25 for ∆ k (n) with the help of modular forms. In this paper, we aim to provide an elementary proof of this result.
Introduction
The notion of broken k-diamond partitions was introduced by Andrews and Paule [1] in 2007. They showed that the generating function of ∆ k (n), the number of broken k-diamond partitions of n, is given by
Throughout this paper, we assume that |q| < 1 and adopt the customary q-series notation:
(1 − aq n ).
The following two congruences modulo 5 were obtained by S.H. Chan [5] and later rediscovered by Radu [14] : ∆ 2 (25n + 14) ≡ 0 (mod 5), ∆ 2 (25n + 24) ≡ 0 (mod 5).
In fact, Chan extended these congruences to
Hirschhorn [8] subsequently gave simple proofs of (1.1) and (1.2).
Furthermore, other infinite families of congruences modulo 5 satisfied by ∆ 2 (n) have been discovered by many authors. The interested readers may refer to Radu [14] and Xia [16] .
Quite recently, with the help of modular forms, the second author [15, Theorem 2] proved the following infinite family of congruences modulo 25 for ∆ k (n).
Our main purpose of this paper is to provide an elementary proof of Theorem 1.1.
Preliminaries
For notational convenience, we denote
We also write
From [7, Eq. (8.4.4) ], one has the following 5-dissection identity.
Lemma 2.1.
We now absorb the ideas of [2] with some refinements. The first ingredient from [2] is the following three relations.
, then
.
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Now, for α ∈ Z ≥0 and β ∈ Z, we define
It is not hard to observe that
With the help of the following recurrence relations along with the initial conditions (2.6)-(2.9), one may easily express P (α, β) in terms of K and q for arbitrary α ∈ Z ≥0 and β ∈ Z. Lemma 2.3. For α ∈ Z ≥0 and β ∈ Z,
10)
Proof. We first notice that
This gives (2.10).
Next, it follows from (2.5) and (2.8) that
which is equivalent to (2.11).
At last, we have
This yields (2.12).
The other ingredient we request from [2] states as follows:
, then 3. Proof of Theorem 1.1
We shall show One readily sees that Theorem 1.1 is a direct consequence of (3.1) since if k ≡ 62 (mod 125), then 2k + 1 is a multiple of 125. 
Extracting terms of the form q 5n+4 , dividing by q 4 and replacing q 5 by q yields where x and y are as defined in Lemma 2. In view of (2.5), we may rewrite the above identity as 
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